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Abstract; The representation space of the fundamental goup of a closed, oriented Riemannian surface
is identified with the moduli space of the holomorphic bundles of rank 2 with trivial determinant bundles
over the surface and these spaces are proved to carry a pwojective structure.
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1 Representation space and the moduli space

Casson used the representation space of the fundamental group of a closed, oriented surface in
SU 2) to define the so~called Casson invariant for the homology 3 ~spheres . Dona ldson" proved.
the space of the irreducible representations of the fundamental group of a closed, oriented surface in
SU (2) can be identified with the moduli space of stable holomorphic vector bundles of rank 2 and
with trivial determinant bundles . Atiyah et al discussed the deep comnections between this moduli
space and the Yang-Mills theory . In this paper, Donaldson s result to semi-stable bundles is
extended and it s proved that the moduli space is a projective variety .

For the definitions of (semi-) stable holomorphic bundles and related notations, please refer to
paper [ 2] .

Let 2be a closed, oriented Riemann surface and denote by Vithe set of semi-stable holomorphic
bundles over 2 of rank 2 and with trivial determinant bundles and by Mo the set of equivalence
classes of Viunder S-equivalence denote by Mthe set of the conjugate classes of the representations of
ny (2)inSU Q). Then the following main theorem is obtained.

Theorem As aset, My= M

In order to prove this theorem, the following lemmas are suggested.

Lemma 1 Iet P, 0y € Hom (m; (2), SU (2)). Then the holomorhic SL (2,
C) -principal bundles P (01) and P (0,) comesponding to Oy and O, are isomorphic if and only if
the representations 1 and ©, are conjugate .

Proof If O is comjugate to Py » then it is easy to see that P (P1) is isomorphic to P (0).
On the other hand, if P (P1) and P (P2) are isomorphic, there exists a holomorphic function
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f: 2SI, 2 O
such that f (mo) =0, () f (m) 0 ()
where a €11 (2), m € 2 and Zis the universal covering space of = .
Now consider the positive definite Hermite form tr(A”~ A) on SL(2, C),where A € SL(2,

O).Define ¢ (ma) ~—= lf (me) 1P=tr (0 () f (m) 01" ()™ 0" () f
(m) 0 () =

tr (f (m) f (m) = If (m) I’=¢ (m)
Hence, ?is a holomorphic function on 2 .Because > is wmpact and connected, 9 is a constant
function . Because f: =—>SL (2, C) is holomowphic ard | f (m) 11” is constant, f must be
wnstant on % by the Maximum Principle. Let this value be A, then

A=01" (0 40 (0, Ya€m (D)
It can be shown that A = UB,where U € U(2), and B is a triangular complex matrix with
positive real diagonals.

By det(A4) = 1, det(B) = A= 0, one has that U € SU(2) . In fact, from the facts that
U " U = I(the identity matrix) and det(U) = 1/ A, one has A=1.

It is easy to see that 01 (a) = U'e () U Ya€Em ()

Lemma 23 Let V. Whe two semi-stable holomorphic vector bundles over Zwith the same rank
and degree and one of them be stable. If f: V— Wis a nonzero bundle mapping, then { is an
isomorphism.

Proof of theorem If V € Viis stable, then by paper [2], V can be obtained from a
2-dimensional irreducible unitary representation © of 7 (), i.e., V= 2X,C*. Because
det (V) is holomorphically trivial, © € Hom (t; (2), SU (2)).

Let Vi, VA€ Vbe S-equivalent. By Lanma 1, if Vi, V2 € Vaare stable and grV1 = grVo,
then their comvesponding representations are wnjugate.

Ifve Viis not stable, there exists a ho lomorphic line bundle L CVsuch that the degrees of L
and V/ L are zero. After a suitable choice of an open covering { U;} of 2 the transition function

Py

of 'V is of the following form. 0

%
i where P Cor W) is the transition functions of L (or
ij

V/L).

Since det (V) is holomorphically trivial, so ¥ ‘Piz 1 . Therefore, if 0; m (2) —U (1)
=S' is the representation comesponding to L, then the representation corresponding to grV= L P,
V/L is of the form: © D0~ and fiom Lemma 1, if grVi = gr Vs, then their corresponding
representations are conjugate. Now, let €1, ©,€Hom (wr; (), SU (2)) be wnjugate.

1) If 01, P> are irreducible representations, then their wmesponding holomormphic vector
bundles are isomorphic.

2) If 1, P2 are reducible, then P1, P2 are wnjugate to some elements in Hom (w1 (),
U (1)), respectively, and it is easy to see that their carresponding holomarphic vector bundles are
semi ~stable and isomorphic. This completes the proof of theorem .

2 A proof of that M is a projective variety

For geometric quotient of an algebraic variety under the actions of an algebraic group, see
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Proposition M, is a projective variety .

Lemma 37 Let E be a semi-stable holomorphic vector bundle of rank n and degree d>> n
(2g—1) over %, where g is the genus of >. Then E is generated by its global sections, that is, the
fiber E, over x € Zis generatal by the global sections of E Moreover one has H' (3 E) =0.

By Riemann-Roch Theorem, if E satisfies the conditions of Lemma 3, then dimH® (3 E)
=d-+n (1—g), denoted by p.

Fix a holomorphic line bundle 1. of degree 1> 0 over 2 and paper| 2] gives

1) E is stable (semi-stable) SEXL is stable (semi-stable );

2) grWMi= grVa&yr (ML) =gr (BOL)

FVE Vo thendet( VO L) = det(L X L), det( VO L) = 2].Let M(2, 21, LOL) ke
the moduli space of the semi-stable holomowphic vector bundles of rank 2, degree 21 and the
deteminant bundle L & L over = under S-equivalence. Then My= M (2, 21, L& L) . Now,
assume that d= 21 satisfies the conditions of Lanma 3.

For a semi-stable holomarphic vector bundle E with k (E)=2, deg(E)= d™>2(2g— 1) over
2, choose a basis S={s1, **»sp) of H'(Z, E), which will define an isomorphism between H® ( 2,
E) and 7, denoted by 9s.

There exists a natural mapping q: N*H° (3 E)>—>H"(Z, N2E) , given by (5:/\ 5) (x)=1
CIUTTEN

Now by Lemma 2, there exists an isomorphism: H' (3% NE)—>H’(Z, LOL) . Moreover,
this isomorphism is unique up to a scalar multiplier. Here we assume that det (E) = L @ L.

So comes a mapping TE. s: N >w=H (3 LOL) such that the following digram is

Pq
NH(SE) — N
ommutative: Q' TE-Sj Obviously, if E is holomorphically

H'( NE) — HY(ZLOD
equivalent to E', then Te. s= TE. s'. On the other hand, if Tg, s= Tg', s'and E, E' are generated
by their global sections, then E is holomorphically equivalent to E'.In fact, since E is generated
by its global sections, there exists a mapping >— G (2, p), where G (2, p) is the Grassmann
manifold of 2-dimensional subspaces of C' which can be embedded into P ( N . This mapping
induces an embedding of = into P(N>*C), given by si N\ s; . Therefore Tg, s determines the
isomorphic class of E.

Therefore, M2, 21, LOL) can be embedded into P (Hom (/\*CP, W)).

The action of SL (p, C) on C” induces actions on \*C?, Hom(\*C’, W)) and P (Hom
(N2, w).

Lemma 4 E is semi-stable (stable) if and only if T, sis semi-stable (stable ) with respect to
the action of SL (p, O).

Proof Here deal with the semi-stable case only.Let E be semi-stable then TE, s is
semi-stable. For E, there exists the Harder-Narasimhan filtration' ¥, that is, there exists a
holomorphic line bundle E| such that

0CE | CE, and deg(E;)> deg (E)/2

The assumption of deg (E)>> 2(2g— 1) implies deg(E)>> 2g —1.By Lemma 3.dimH" (%
EvD =0, and Eiis generated by H (3 EV. From the fact that H (% E1) CH (5
E ) and the Riemann-Roch Theorem,
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dim H° (% E) =deg (E)) + (U—g) >deg (E) /2+ (1—g) =
(deg (E) +2 (1—g)) /2=p/2
By paper [ 6], it s obvious that the above inequality contradicts the assumption that T, s is
semi -stable.

Lemma 5 The moduli space of semi-stable holomorphic vector bundles of rank 2, degree 2/
and the determinant bundle L @ L over 2 under the S-equivalence can be embedded into the
space P (Hom (A*C, W) //SL (p, O).

Proof First, if E is stable, from Lemma 1.9 of paper [ 3|, TE, sis stable, hence the set ©
(n (Tg s)) consists exactly of the orbit of Tg, sin P (Hom (N> C°, W) , where

;. P (Hom (A*C’, (W) =P (Hom (A*C, wW)) //SL (p, C)

n (Tg s) corresponds to the isomorphic class of E.If E is semi-stable, so is Tg, s. In this
casenw ' (w (Tes)) consists of some orbits in P (Hom (N, W .If 0,.Q are
semi-stable pointsin P (Hom (/\ A W), thenw (0) =n (@) if and only if the closure
of the SL (p, C)-orbit of O intersects the closure of the SL(p, C) -otbit of Q.

According to paper| 4], Let O= Te. s, Q= TE'. s, then the closure of the SL (p, C)-orbit of
O intersects the closure of the SL(p, C)-orbitof Qif and only if grE = grE/.This completes the
proof.

1

The set of the conjugate classes of irreducible representions is an open (3g—3) dimensional
algebraic manifold 3, therefore its compactification Mo is also a projective variety .
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